On the non-existence of the micro-causal sector of Lorentz non-invariant quantum field theory on a continuum  by Rashidi, R. & Salehi, H.
Physics Letters B 655 (2007) 280–283
www.elsevier.com/locate/physletb
On the non-existence of the micro-causal sector of Lorentz non-invariant
quantum field theory on a continuum
R. Rashidi ∗, H. Salehi
Department of Physics, Shahid Beheshti University, Evin, Tehran 19839, Iran
Received 2 May 2007; received in revised form 22 August 2007; accepted 28 August 2007
Available online 7 September 2007
Editor: M. Cveticˇ
Abstract
We study a model for a Lorentz non-invariant quantum field theory. In this model Lorentz violation is due to a non-linear dispersion relation
admitting signals in form of wave packets propagating with super-luminal (faster than the low-energy speed of light) group velocities. We char-
acterize the causal sector of the theory by a cutoff condition protecting the theory against such signals and study the question as to whether the
causal sector exhibits micro-causality (locality in all frames), in which case we call the causal sector the micro-causal sector. It is argued that in
the causal sector the canonical commutation relation are changed in such a way that the imposition of locality postulate becomes incompatible
with the continuity of space. The conclusion therefore is that there is no micro-causal sector of the theory on the continuum space underlying the
model and in this respect it suggests the sensitivity of an effective Lorentz non-invariant quantum field theory to a short-distance cutoff.
© 2007 Published by Elsevier B.V. Open access under CC BY license.1. Introduction
Quantum field theory arises as a unification of quantum
physics with special relativity. Since Lorentz invariance (as the
symmetry of special relativity) is related to the scale-free na-
ture of a continuum space, the assumption of continuity of
space is the most immediate assumption made in quantum field
theory. On the other hand, there is another assumption in quan-
tum field theory, namely micro-causality1 [1,2] requiring the
compatibility of the measurements of space-like separated ob-
servables. It converts the macroscopic causality of a continuum
space, namely the absence of signals with super-luminal group
velocities in Minkowski space, into the algebraic relations be-
tween quantum observables. As long as Lorentz invariance
corresponds to an exact symmetry, one takes these distinct as-
sumptions as coextensive in the sense that a Lorentz invariant
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1 The axiom of micro-causality is used in the Letter in its general form re-
quiring the compatibility of space-like separated observables. In this form it is
sometimes called locality postulate.0370-2693 © 2007 Published by Elsevier B.V.
doi:10.1016/j.physletb.2007.08.078
Open access under CC BY license.quantum field theory is understood as a micro-causal theory on
a continuum space.
But there are some phenomenological evidences suggesting
a violation of Lorentz invariance due to some deviations from
the conventional energy–momentum’s dispersion relation of
particles predicted by special relativity. These evidences are ob-
servation of ultra-high energy cosmic rays with energies beyond
the so-called GZK cutoff [3] and the evolution of air showers
produced by ultra high-energy hadronic particles which sug-
gests that the life time of pions is longer than expected [4].
These experimental data, if confirmed (observation uncertainty
is still too large), might indicate that Lorentz invariance is vi-
olated.2 This, however, may be one possibility among others
[5,6], but taking it as a serious one, one has to deal with the
modification of the dispersion relations due to Lorentz viola-
tion. The lowest order modification for the dispersion relation
for a scalar field that is invariant under rotations and analytic in
2 In this context one should also mention those experiments including reso-
nant cavity tests and clock-comparison experiments in [7–9]. But the results do
not indicate any Lorentz violating effects and merely improve the constraints
on the parameters of the Lorentz violating standard model extension [11].
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(1)ω2 = |k|2 + α2|k|4 + m2,
where α is a parameter with dimension of length and m is a
mass parameter.
If Lorentz invariance is broken by a dispersion relation of
the type (1), then micro-causality may not be coextensive to
the continuity of space as it is traditionally taken to hold in
the presence of the exact Lorentz symmetry. In this Letter we
show that micro-causality becomes actually incompatible with
the assumption of the continuity of space, provided we protect
the theory against signals with super-luminal group velocities.
This result is presented along the following line: The basic
point is the realization that the dispersion relation (1) admits
the construction of wave packets with super-luminal group ve-
locities. This leads to a difficulty concerning the imposition
of micro-causality. The reason is that in quantum field theory
the compatibility between space-like separated observables, as
demanded by the micro-causality, implies under general con-
ditions the absence of wave packets with super-luminal group
velocities [15] (the converse may not be true). Therefore, in or-
der to study the imposition of micro-causality we have first to
truncate the Hilbert space of the quantization scheme in such a
way that the super-luminal group velocities are excluded. This
truncation is taken to define the causal sector of the theory.3
We then study the question whether the causal sector exhibits
micro-causality. If this is the case we call the causal sector the
micro-causal sector. We show that the cutoff condition changes
the standard form of canonical commutation relations in such
a way that the imposition of micro-causality contradicts the as-
sumption of the continuity of the space. This implies that the
causal sector does not exhibit micro-causality on the contin-
uum space underlying the model. The overall conclusion is that
there is no micro-causal sector of the theory on the continuum,
provided we protect theory against signals with super-luminal
group velocities.
2. The model
The model for Lorentz violation which we use to derive our
result is that of a massive scalar field in two-dimensional flat
space–time satisfying a linear wave equation with a higher spa-
tial derivative term. The Lagrangian of this model is the massive
version of the Lagrangian used in [10], namely
(2)Lϕ = 1/2
(∇aϕ∇aϕ − α2(D2ϕ)2 − m2ϕ2),
where m is a constant mass, α is a very small constant parame-
ter and D2 is defined by
3 One should distinguish between this notion of causality and a weaker one
requiring only the absence of closed time-like curves. Actually in a Lorentz
violating model the totality of super-luminal signals can be well behaved, in
the sense that they may not lead to the presence of a closed time-like curve.
This weaker causality condition works without the notion of a cutoff. But we
emphasize that, in order to impose micro-causality, we should protect the theory
not only against closed time-like curve, rather we have to protect it against any
possible form of signals propagating between space-like separated points. It is
for this reason that we choose a cutoff excluding all super-luminal signals.(3)D2ϕ = −DaDaϕ = −qac∇c
(
qba∇bϕ
)
with
(4)qab = −ηab + uaub
where ηab = diag(1,−1) is the two-dimensional Lorentzian
metric and the vector field ua is a unit future directed time-like
vector field and may be considered as the mathematical real-
ization of a preferred frame (aether). Here we assume that this
preferred frame is the rest frame of a preferred inertial observer
and thus we set ua = (1,0) in the preferred frame.
We distinguish between two different kinds of transforma-
tions according to the works [12] and [11], namely the observer
Lorentz transformation and the particle Lorentz transformation.
The former corresponds to a transformation of an inertial sys-
tem while the latter corresponds to a transformation of particles
or localized fields within a fixed inertial system.
Since the Lagrangian (2) is a space–time scalar under ob-
server transformations, the theory exhibits observer Lorentz
symmetry. But this Lagrangian is not invariant under the par-
ticle boost transformation
(5)ϕ′(x) = ϕ(Λ−1x)
where Λ is the boost transformation matrix. Hence Lagrangian
(2) violates the particle Lorentz invariance. This is taken as the
acceptable form of Lorentz violation for physical systems.4 In
the present context any particle Lorentz transformation may be
imagined as a transformation of a physical system (particles or
localized field) within the rest frame of the preferred observer,
i.e. the aether.
We note that the symmetry under space–time translations,
considered here as particle (active) transformations
(6)ϕ′(x) = ϕ(x − a),
where a is a real parameter, is valid.
In the preferred frame the equation of motion takes the from
(7)
ϕ + α2qabqcd∇a∇b∇c∇dϕ + m2ϕ
=ϕ + α2(∂1)4ϕ + m2ϕ
= 0.
The positive frequency solution of (7) are
(8)uk(x) ∝ exp
(−ikaxa),
where ka and xa are 2-vectors and ka satisfy the modified dis-
persion relation
(9)
ηabkakb + α2qabqcdkakbkckd − m2
= ω2 − k2 − α2k4 − m2
= 0
which is the two-dimensional analogue of (1). All 2-vector
solutions of this dispersion relation are time-like. Thus these
solutions satisfy the energy positivity condition (ω  |k|). But
4 Particle boost transformation are sometimes called active Lorentz transfor-
mation [13].
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namely
(10)vg = dω
dk
= 1 + 2α
2k2√
1 + α2k2 + m2/k2 ,
is not a constant and, at sufficiently high momentum, can be
greater than the velocity of light (c = 1). The existence of such
super-luminal group velocities can violate micro-causality [14,
15]. Therefore for the imposition of micro-causality it is neces-
sary to define the causal sector of the theory by the condition
that all super-luminal group velocities are excluded. This im-
poses a cutoff kc on the momentum space. A general charac-
teristic of the cutoff kc , as a cutoff excluding the super-luminal
group velocities, is that the limit kc → ∞ requires the parame-
ter α to go to zero.
The scalar product for two solutions of field equation (7),
can be defined as
(11)
(ϕ1, ϕ2)
= −i
∫
Σ
dΣa
{
ϕ1(x)
(
gab
↔∇b +α2qabqcd
←−−→∇b∇c∇d
)
ϕ∗2 (x)
}
:= −i
∫
Σ
dΣa J a
where,
(12)
ϕ1
←−−→∇a∇b∇cϕ2 = +ϕ1∇a∇b∇cϕ2 − ϕ2∇a∇b∇cϕ1
− ∇aϕ1∇b∇cϕ2 + ∇aϕ2∇b∇cϕ1
+ ∇bϕ1∇a∇cϕ2 − ∇bϕ2∇a∇cϕ1
− ∇cϕ1∇b∇aϕ2 + ∇cϕ2∇b∇aϕ1.
With this definition we have ∇aJ a = 0. As a consequence, the
scalar product (11) becomes time independent. The orthonor-
mal positive frequency mode solutions of (7) with respect to
the scalar product (11) are
(13)uk(x) = 1√
2ω
exp(−ikx).
In the casual sector the field ϕ(x) is taken to be expanded in
terms of uk(x) and u∗k(x) with |k| not exceeding the cutoff kc,
namely
(14)ϕ(x) =
∫
|k|kc
(
akuk(x) + a†ku∗k(x)
)
dk.
3. Quantization
To quantize the field represented by (14) we begin with
the following general remarks. Since the particle boost trans-
formations (5) are not symmetry transformations of the La-
grangian (2), at the quantum level these transformations cannot
unitarily be implemented in a given representation. However
as mentioned above, the Lagrangian (2) is invariant under the
space–time translations (6). Thus space–time translations can
unitarily be implemented. Because these symmetry transfor-
mations leave the vector field ua invariant, one can considerua as a super-selection quantity that takes a particular value,
namely ua = (1,0) within a corresponding unitary class of a
given representation. This unitary representation will be called
the preferred representation of the model.
The unitary class of the preferred representation can be ob-
tained in terms of the Fock space representation as follows.
According to the invariance of the Lagrangian (2) under the
space–time translations (6) one can obtain a canonical energy–
momentum tensor which is conserved for solutions of the equa-
tion of motion:
(15)
T μν = ∂L
∂(∂μϕ)
∂νϕ + ∂L
∂(∂μ∂ρϕ)
∂ρ∂
νϕ
− ∂ρ
(
∂L
∂(∂μ∂ρϕ)
)
∂νϕ −Lημν (μ, ν = 0,1)
and
(16)∂μT μν = 0
for all solutions of Eq. (7). The integral of T 0μ over a space-
like one-dimensional surfaces t = const represents the time-
conserved energy–momentum two-vector
(17)Pμ =
∫
T 0μ dx.
To quantized this model, we note that the space–time transla-
tions (6), as the symmetry of the model, can unitarily be imple-
mented. This means that Pμ can be considered as the generators
of space–time translations, yielding
(18)[Pμ,ϕ(x)]= i∂μϕ(x)
which determines the operator nature of ϕ(x). In particular,
Eq. (18) guarantee that time translation is a unitary transfor-
mation.
We note that the quantization rule based on (18) is an appli-
cation of the correspondence principle and is more general than
the standard canonical quantization, because it uses only the
symmetry transformations of the theory.5 Therefore, it is ap-
plicable to all kind of theories admitting the space–time trans-
lation invariance such as the theory considered in this Letter. In
the present context, the application of the quantization rule (18)
is urgent, because a priori it is not known whether the standard
canonical quantization scheme is appropriate in the presence of
the cutoff.
Now taking (14) and (18) together we get [16]
(19)[ak, ak′ ] =
[
a
†
k , a
†
k′
]= 0, [ak, a†k′]= δ(k − k′)
which are the usual form of commutation relations for ak and
a
†
k . Thus we can consider ak and a
†
k , as annihilation and cre-
ation operators of a particle with momentum k and energy ω,
respectively. One can define a no particle state as
(20)ak|0〉 = 0, ∀k
(|k| kc)
5 For a linear theory without a (momentum) cutoff (18) is equivalent to the
standard form of the canonical method [16].
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(21)|k〉 = a†k |0〉
which is an eigenstate of the energy–momentum operator:
(22)Pμ|k〉 = kμ|k〉.
A general n-particle state may be constructed in the standard
manner. Note that, in the causal sector defined by the cutoff kc
the operator Pμ satisfies the energy positivity condition.
Now, we proceed to derive the commutation relations be-
tween ϕ(t, x), ϕ(t, x′) and π(t, x′) (conjugate momentum
of ϕ). By definition the conjugate momentum is
(23)
π(t, x′) = ∂L
∂ϕ˙
= ϕ˙(t, x′)
= (−i)
∫
|k|kc
(√
ω
2
ake
−iωt+ikx′ −
√
ω
2
a
†
k e
iωt−ikx′
)
dk.
Using the commutation relations (19) one obtains
(24)[ϕ(t, x),ϕ(t, x′)]= 0,
and
(25)
[
ϕ(t, x),π(t, x′)
]=
{
2i sin(kc(x − x′))/(x − x′), x = x′
2ikc, x = x′
which indicate a modification of the canonical commutation
relations in the casual sector. They reduce to the usual commu-
tation relations when one performs the limit α → 0 in Eq. (23).
The basic observation now is that the commutation relation
(25) is nonzero at all values of (x − x′) except for (x − x′) =
nπ/kc, in which (n ∈ Z − {0}). When x = x′ the operators
ϕ(t, x) and π(t, x′) correspond to observable quantities which
are affiliated to space-like separated points. If micro-causality
holds in the causal sector, then these hermitian operators must
commute. But this is incompatible with the assumption of the
continuity of space, because it requires all distances to be mul-
tiples of a cutoff length, namely 1/kc. We therefore infer that
there is no micro-causal sector on the continuum space under-
lying the model.
According to this result the existence of a short-distance cut-
off appears to be a characteristic feature of the micro-causal
sector of the theory. This suggests the sensitivity of the micro-
causal sector to a short distance cutoff. It is to be emphasized
that this feature holds also in the effective long-distance limit of
the theory, because in this limit one cannot take the cutoff length
1/kc to go to zero to support the micro-causal sector of Lorentz
violation on a continuum space. The reason is that the limit
1/kc → 0 requires α to go to zero as well, in which case the
theory becomes trivial, i.e. the dispersion relation (9) becomes
Lorentz invariant. Therefore the result of this Letter suggests
that even in the effective long-distance limit, there is no micro-
causal sector of Lorentz violation on the continuum, provided
one protects the theory against signals with super-luminal group
velocities. We deal here with a distinct problem of Lorentz non-
invariant quantum field theory because it seems strange whyeven in the effective long-distance limit the micro-causal sector
appears to be sensitive to a short-distance cutoff. Remarkably
such a sensitivity arises even in the effective description of in-
teracting models in Lorentz invariant quantum field theory and
is known there as the triviality problem [17]. It is conceivable
that both issues can be resolved in a more subtle description
of the relation between short-distances and long-distances in
quantum field theory.
We should add here some remarks concerning the relation of
the result of this Letter to the work [14] dealing with the stan-
dard model-extension as an effective description of Lorentz vio-
lation. In the effective theory considered in [14] micro-causality
is claimed to be established on the underlying continuum space
using a nonlocal Lagrangian admitting a causal theory (a the-
ory with no super-luminal signals) and energy positivity in all
frames. This claim however may not be correct as discussed re-
cently in [15]. The point is that a causal theory satisfying the
energy positivity in all frames not necessarily leads to micro-
causality, unless the dispersion relation is Lorentz invariant.
We should also note that the result of the Letter was estab-
lished in the preferred representation of the theory correspond-
ing to the rest frame of aether in which ua = (1,0). But it holds
in all frames connected by Lorentz transformation in a similar
manner, with a change only in the choice of the cutoff bound kc
because the cutoff excluding the super-luminal group velocities
is frame dependent.
In conclusion we note that for the result obtained in this Let-
ter the mass parameter is important. Actually no causal sector
in the sense used in this Letter can be defined in the massless
limit, because from the dispersion relation (9) one can infer that
in the massless limit the cutoff kc excluding the super-luminal
group velocities tends to zero. The definition of an appropriate
notion of causality for the massless limit remains a problem to
be studied in future works.
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